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An effective Hamiltonian approach is used to study the effect of Landau-level mixing on the
energy spectrum of electrons in a smooth but random magnetic field B(r) with a finite uniform
component B0. It is found that, as opposed to electrostatic disorder, the energy levels of localized
electrons shift upward with a rate of order O(B−1
0
) when B0 is decreased, while the extended states
remain static at the same order. Therefore, there is no indication that the extended states will
float out of the Fermi energy and induce a metal-insulator transition as the magnetic disorder is
increased. We also find that the Zeeman term may have significant effect on the spectral shift of
low-lying Landau levels.
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Recently, there is intensive interest on the problem of
two-dimensional electron gas in a static random magnetic
field (RMF). First, this problem is related to the local-
ization problem for the “composite fermions” in the frac-
tional quantum Hall effect.1 In the mean-field treatment,
the composite fermions move in a weak effective magnetic
field that contains a random component induced by the
inhomogeneous electron density. Second, the study of
RMF may be applied to high-Tc superconductivity sys-
tems, where the RMF is considered as a limiting case
of the gauge-field.2 Third, recent experiments that mea-
sured transport properties of electrons in a static RMF
also add considerable interest to this subject.3
Most theoretical studies in the literature focused on
free electrons in a RMF with zero mean value. A central
issue is whether all the electrons are localized in such an
environment. The results are rather controversial. Ana-
lytically, due to the zero average of the magnetic field, the
field-theoretical description corresponds to a non-linear
sigma model of the unitary class without a topological
term, which predicts that all states are localized,4 accord-
ing to the conventional scaling theory.5 However, Zhang
and Arovas6 have suggested that a long-range logarith-
mic interaction between the topological densities (due
to the local fluctuations of the Hall conductance) may
lead to delocalization. The numerical works on a finite
lattice only add more conflicting results. Some authors
claim that there may exist the mobility edge separating
the localized states from the extended states;7,8 however,
other authors, while observing a strong enhancement of
the localization length, find no true transition.9,10 The
controversy in the numerical works arises from the inter-
pretation of their data. Because the localization length
increases rapidly as a function of energy when the band
center is approached, it is hard to distinguish whether
the states are really extended or weakly localized with
the localization length much longer than the sample size.
On the other hand, our understanding of electron local-
ization in a random electric potential is more complete.11
It is known that there are extended states at the centers
of Landau bands in a strong uniform magnetic field. In
order to be consistent with the conventional scaling the-
ory for the zero-field case,5 it is argued that the extended
states will float up in energy if the magnetic field strength
is reduced (or equivalently, if the strength of disorder is
increased),12 and therefore all the states below the Fermi
energy are eventually localized. Although this levitation
scenario is appealing, its microscopic foundation is not
clear. Recently, by using a simple perturbative approach,
Haldane and Yang13 show that the levitation of the ex-
tended states can be explained as a result of Landau-level
mixing, thus support the levitation scenario.
Motivated by the work of Haldane and Yang,13 we
study the spectral shift of the two-dimensional electrons
in a RMF B(r) = B0 + b(r) when its spatial average B0
is reduced. As pointed out by Kalmeyer et al.8 (see also
Ref. 14), when B0 6= 0 and b(r) ≪ B0, the random fluc-
tuation behaves like a random scalar potential. In this
case, one recovers the well-studied problem of electrons in
a random potential and a uniform magnetic field, thus it
is expected that there are extended states at the centers
of Landau bands. If the correlation length of the disorder
is much longer than the magnetic length ℓ =
√
h¯/eB0,
the motion of electrons can be decomposed into a fast cy-
clotron motion and a slow guiding-center motion.10 The
guiding centers move along the contours of b(r) with the
local drift velocity Vd = (eξ
2/2m)∇b × zˆ, where ξ is
the cyclotron radius and m is the electron mass.15 (See
Fig. 1.) Around hills or valleys of b(r), the contours are
closed and the corresponding states are localized. The
extended states occur only at the percolation contour
whose energy is determined by the saddle points of b(r),
similar to the semiclassical theory for electrostatic disor-
der. Due to this similarity, Lee et al.10 propose that the
extended states will levitate in energy with decreasing
B0, and hence all states below the Fermi energy should
be localized when B0 = 0. However, by using the same
perturbative approach used in Ref. 13, we find that the
leading term of the effective Hamiltonian will cause the
localized states, rather than the extended states, to float
1
up in energy as B0 decreases. Thus, the levitation sce-
nario of extended states in the RMF case has no firm
support, and, therefore, gives no implication to electron
localization in a RMF. Furthermore, we show that the
Zeeman term may have significant effect on the spectral
shift of low-lying Landau levels.
For the two-dimensional electron gas in a RMF with a
nonzero average, the HamiltonianH is composed of three
parts,
H0 =
1
2m
(p+ eA)
2
, (1)
H1 =
e
2m
[(p+ eA) · a+ a · (p+ eA)] , (2)
H2 =
e2
2m
a2, (3)
where A and a are the vector potentials for B0zˆ and
b(r)zˆ, respectively. Using the Coulomb gauge for the
fluctuating vector potential, we can write
a(r) =
1
A
∑
q 6=0
iq× zˆb(q)
q2
eiq·r, (4)
where b(q) is the Fourier components of b(r), and (quasi-
)periodic boundary condition is imposed on the area
A that contains an integer number of magnetic flux
quanta. For a smooth and weak disorder, it is conve-
nient to decompose the position of an electron into a
fast cyclotron motion r−R and a slow guiding-center
motion R = (x−Πy/eB0) xˆ + (y +Πx/eB0) yˆ, where
Π = p + eA is the canonical momentum operator. It
can be shown that the fast and the slow parts commute
with each other and decouple nicely.16 The velocity of the
guiding center at the n-th Landau level can be obtained
by the Heisenberg equation of motion. To lowest order,
the result is
d
dt
〈n|R|n〉 = 1
ih¯
〈n|[R, H ]|n〉
≃ e
m
(
n+
1
2
)
ℓ2〈n|∇b× zˆ|n〉. (5)
This form coincides with the classical expression
(eξ2/2m)∇b× zˆ, since the cyclotron radius ξ at the n-th
Landau level is given by
√
〈n|(r−R)2|n〉 = √2n+ 1ℓ.
In the presence of the random field b(r), the Landau
level index n is no longer a good quantum number and
different levels couple with each other. If the magnetic
field B0 is very strong, we need only consider the pro-
jected Hamiltonian in the subspace of a given Landau
level. However, in general, (virtual) transitions between
different Landau levels will renormalize the potential seen
by the electrons in this Landau level. By the perturba-
tive renormalization in terms of powers of a, the effective
Hamiltonian for electrons in the n-th Landau band can
be written as
〈n|H(n)eff (r)|n〉 =
(
n+
1
2
)
h¯Ω +
∑
k≥1
〈n|V (n)k (r)|n〉, (6)
where h¯Ω = h¯eB0/m is the cyclotron energy and |n〉 is
the eigenstate of H0. The effective potential propotional
to a is
〈n|V (n)1 (r)|n〉 = 〈n|H1|n〉, (7)
and the correction that is quadratic in a is given by
〈n|V (n)2 (r)|n〉 = 〈n|H2|n〉+
∑
n′ 6=n
〈n|H1|n′〉〈n′|H1|n〉
h¯Ω(n− n′) . (8)
To first order, a direct calculation yields8,14,17
V
(n)
1 (r) = −
eh¯
mℓ2
1
A
∑
q 6=0
b(q)
q2
g(n)(q)eiq·r, (9)
where
g(n)(q) =
∂
∂λUnn(qλ)|λ=1
Unn(q)
, (10)
in which Unn(q) is the diagonal part of Unn′(q) =
〈n|eiq·(r−R)|n′〉. For brevity, the projection by |n〉 and its
adjoint will be neglected from now on. Bear in mind that
the equality holds only in the projected subspace of the
n-th Landau level. For the slowly varying b(r) (compared
to the magnetic length), only the small q components in
Eq. (9) make significant contribution, hence one can ex-
pand g(n)(q) into a power series in qℓ. Up to the order
of (qℓ)4 for g(n)(q), V
(n)
1 (r) can be written as
18
V
(n)
1 (r) ≃
(
n+
1
2
)
h¯e
m
b(r)− n(n+ 1)
4
h¯e
m
ℓ2∇2b(r).
(11)
Both terms in Eq. (11) lead to broadening of the Landau
levels: The first term lifts the energy degeneracy for elec-
trons drifting along different contours of b(r); the second
term gives a positive (negative) contribution to energy
for electrons drifting along hills (valleys) of b(r), which
have negative (positive) curvature of b(r), thus broadens
the level further. However, neither gives a net shift to
the overall profile of the density of states.
By using the algebra of Π, the second term of V
(n)
2 (r)
can be expressed as
e2
mℓ2
1
A2
∑
q 6=0,q′ 6=0
b(q)
q2
b(q′)
q′2
f (n)(q,q′)ei(q+q
′)·r, (12)
where
f (n)(q,q′) =
e−izˆ·q×q
′ℓ2/2
Unn(q+ q′)
×
∑
n′ 6=n
∂
∂λUnn′(qλ)|λ=1 ∂∂λUn′n(q′λ)|λ=1
n− n′ . (13)
The expansion of f (n)(q,q′) in powers of qℓ is given by
2
f (n)(q,q′) =
q · q′
2
ℓ2 −
(
n+
1
2
)
q · q′
2
(q2 + q′
2
)ℓ4
+ O(q6ℓ6). (14)
The first term in Eq. (14) gives −(e2/2m)a2 to V (n)2 (r),
which is negative for all states and cancels the first term
in Eq. (8). Thus, up to the order of (qℓ)4 for f (n)(q,q′),
V
(n)
2 (r) ≃
e2
m
(
n+
1
2
)
ℓ2a · ∇b× zˆ. (15)
Notice that the effective potential V
(n)
2 (r) is not man-
ifestly gauge invariant.19 However, this lack of gauge in-
variance does not appear in the energy expectation value
of the electronic states. Under the semiclassical approx-
imation, for electrons circling a closed orbit C with a
constant energy E , the energy expectation value altered
by V
(n)
2 (r) is proportional to the following integral:
〈V (n)2 〉 ∝
∫
d2rδ(E(n)(r)− E)e
2
m
(
n+
1
2
)
ℓ2a · ∇b× zˆ
=
∮
C
dl
|∇E(n)(r)|
e2
m
(
n+
1
2
)
ℓ2a · ∇b × zˆ
≃ 1
B0
∮
C
dl · a, (16)
where we have used the fact that the local energy of
the n-th Landau band E(n)(r) ≃ (n + 1/2)h¯Ω + (n +
1/2)(h¯e/m)b(r) (see Eqs. (6) and (11)), and dl is in the
direction of Vd. That is, 〈V (n)2 〉 is proportional to the
magnetic flux of b(r) enclosed by C and is positive for
both of the orbits circling the hill and the valley. (See
Fig. 1.) Hence 〈V (n)2 〉 is gauge invariant (as it should
be) and gives a upward shift in energy for the localized
states. For the extended states, the shift is determined
by the saddle points of b(r),10 where ∇b(r) = 0. There-
fore, V
(n)
2 (r) vanishes (thus also gauge-invariant), and
the energy of the extended states remains static at this
order.
b
z
v
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FIG. 1. Schematic diagram of the guiding-center orbits of
electrons circling around the hill and valley of the random
magnetic field. Note that the sense of rotation is opposite for
the two paths in the figure.
It is quite interesting to compare our result with that
of the electrostatic disorder case.13 For electrostatic dis-
order, it is found that the energies of the localized states
shift downward and that of the extended states is static
at order O(B−20 ).13 The downward movement is a man-
ifestation of the generic “level-repulsion” effect at the
second order perturbation. At the order of O(B−30 ),
which is from the (qℓ)4 term at the second order per-
turbation, the energy of the extended states shifts up-
ward in stronger disorder and this behavior supports the
levitation scenario12 to explain the metal-insulator tran-
sition. However, the spectral shift in the RMF case is
very different: the energies of the localized states shift
upward, and that of the extended states remains static at
the same order. In a relative sense, the extended states
move downward with respect to the other states. There-
fore, it seems unlikely that the extended states will float
out of the Fermi energy at strong disorder and induce a
metal-insulator transition. It might appear that the re-
sult presented here contradicts the generic level-repulsion
effect, which would result in lowering of the levels (espe-
cially the lowest Landau level). This is not so. The level-
repulsion effect due to the level mixing should come from
the second term in Eq. (8). As indicated in Eq. (14),
the leading contribution −(e2/2m)a2 indeed contributes
to downward movement. However, this downward move-
ment is canceled by the diamagnetic term (e2/2m)a2 that
comes from the first term in Eq. (8). This cancellation is
unique in the magnetic disorder problem.
In the following, we would like to discuss briefly the in-
fluence of the Zeeman term on the spectral shift. Besides
contributing a constant shift in energy, ±(g/4)h¯Ω (g is
the electron g-factor), as it does for the electrostatic dis-
order problems, the Zeeman term adds a b(r)-dependent
part Hz = −(gh¯e/4m)σ3b(r) to Eq. (2), where σ3 is the
Pauli matrix. Consequently, the inclusion of the Zeeman
term leads to the following changes in the perturbative
calculation:20 for the first order calculation, we get an
extra term −(gh¯e/4m)σ3b(r) to V (n)1 (r); while the addi-
tional contribution to V
(n)
2 (r) is given by
∑
n′ 6=n
{ 〈n|H1|n′〉〈n′|Hz|n〉
h¯Ω(n− n′) + h.c.
}
+
∑
n′ 6=n
〈n|Hz|n′〉〈n′|Hz |n〉
h¯Ω(n− n′) .
(17)
A straightforward calculation shows that the first term
in the equation above contributes −(ge2/4m)σ3a ·∇b× zˆ
to Eq. (15); while the second term is of higher order in
qℓ and can be neglected. Note that, apart from a mul-
tiplicative constant, this term has the same form as the
term in Eq. (15). Consequently, the conclusion that the
extended states are not shifted, because ∇b(r) = 0 at
the saddle points, remains valid. Also note that the ad-
ditional contribution is dependent on spin but indepen-
dent of n. Therefore, the spectrum may shift differently
between low-lying states and higher levels: for Landau
levels with (n + 1/2) > g/4, the localized states always
3
move upward, but it may become downward for spin-up
electrons, if (n + 1/2) < g/4. In particular, for spin-up
electrons at the lowest Landau level (LLL), if g = 2, then
the b(r)-dependent effective potentials in Eqs. (11) and
(15) are canceled by these extra terms due to the Zeeman
term. If fact, it is not difficult to prove that the cancel-
lation is exact to all orders of qℓ in V
(n)
1 (r) and V
(n)
2 (r).
This cancellation is consistent with the Aharonov-Casher
theorem,21 which states that the LLL of spin-up electrons
with g = 2 will not be broadened by magnetic disorder,
no matter how strong the disorder is.
Finally, some comments are in order: First, our result
seems to be against the proposal that all states below
the Fermi energy are localized when B0 = 0.
4,9,10 How-
ever, since our perturbative approach is valid only for
weak b(r) (compared to B0), it is not sufficient to pre-
dict whether the extended states will remain static when
B0 → 0 and become the delocalized states suggested
in Refs. 6–8. Therefore, to settle down the localization
problem for the B0 = 0 case, an alternative approach
that is applicable to the B0 ≪ 1 limit is urgently needed.
Second, the calculation presented here may be related to
the 1/3 → 1/2 transition of the quantum Hall systems
(i.e., the 1→ 0 transition of the composite fermions) by
tuning the external field at a given magnetic disorder — if
the ubiquitous electrostatic disorder in real systems does
not dominate the spectral shift. As mentioned above,
depending on the magnitude of the g factor, the Zeeman
term may lead to different spectral shift between spin-
up and spin-down electrons. It would be interesting to
observe this subtle behavior in future experiments.
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